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We present here a close nonlinear analog to the free quantum tield of Bose 
statistics, in which the linear one-particle space is replaced by a nonlinear 
infinite-dimensional Hermitian symmetric space D, and the quanttun field is 
constructed as a Hilbert space of holomorphic functions on D. 
‘I’he mathematicai description of a free quantum field of Bose statistics is 
provided by the well-known construction of [2] in which the canonical 
commutation relations are realized by means of a Weyl system acting on a space 
of square-integrable holomorphic functions on the one-particle Hilbert space, 
see [14]. 
We present here a close nonlinear analog in which the linear one-particle space 
is replaced by a nonlinear infinite-dimensional Hermitian symmetric space D 
and the quantum field is constructed as a Hilbert space of holomorphic functions 
on D. Corresponding to the geometry of D, a Weyl system (and corresponding 
noncanonical commutation relations) is realized on this quantum field. A featurr 
of the model is that it has as its limit for small “coupling constant” the free 
linear case. Also, the interacting quantum field has a well-defined Hamiltonian 
acting on the f&Id itself (in contrast to the Nelson ansatz [I I] usually assumed). 
The present paper is based on a careful study of the analytic continuation ot 
holomorphic discrete series for the groups SCT(n, n) as initiated in [I2 and 171. 
Thus we obtain some composition series for these representations by considering 
the invariant Hermitian forms on the Harish-C’handra modules. Another 
ingredient is an analog of Kolmogorov’s theorem on limits of probability spaces 
that ensures the existence of an L2-inner product on D in analogy with the iso- 
normal process of a Hilbert space. 
The starting point for this work is partly [ 151; indeed we think of D as the 
classical phase space for countably many harmonic oscillators with sclf-inter- 
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action, or alternatively countably many non-Gaussian dependent random 
variables. 
In Section 1 we give the details needed regarding the holomorphic discrete 
series for SlJ(n, n) and in Section 2 the quantizing projective representation over 
the (finite-dimensional) symmetric space. We pass to the infinite-dimensional 
limit in Section 3 and construct the quantization over the infinite-dimensional 
(separable) symmetric space. Finally, in Section 4 we study the classical limit 
and the deformation into the free Boson field of our model. 
1 
Let G, be the group SU(n, n) of 272 x 2n complex matrices of determinant 1 
preserving the Hermitian form xr%r + ... + a,~, - ~~+r%~+r - 1.. - z&& . 
Its maximal compact subgroup K, is isomorphic to U(1) x ,SU(n) x %7(n) 
and the symmetric space G,IK, is of Hermitian type [(?j and can be identified with 
D, ={ZEM(~,C)]I-Z*Z>O}, 
I.e., all n x 71 complex matrices of operator norm strictly less than one. An 
element of G, acts on D, by 
i 1 "c ; * z = (AZ + B)(CZ + D)-1, 
where the element is written in terms of 11 x 7t blocks satisfying 
The exponential mapping of the group provides a diffeomorphism [6] 
X-+expX*K,, 
from pn onto G,/Kn where pn is the reductive complement off, , the Lie algebra 
of K,, , in the Lie algebra gn of G, . Specifically, if 
is a typical element of gn , the elements of pn are those of the form a = d = 0. 
In the expression for X, a* + a = d* + d = 0, c = b*, and tr a + tr d = 0. 
-- 
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The tangent space at the origin o in G,/K, can be identified with pI1 on which 
there is defined a positive definite Hermitian form Q by 
Q(X, X) = tr 6*b, x:(i* ;) 
Q is invariant under the adjoint action of K, and hence it defines a G,,-invariant 
Hermitian structure on G,/Kn . This is proportional to the Bergman metric of 
D,z obtained in the usual way by [6] d’ff 1 erentiating the Bergman kernel 
~(2, W) = det(l - W*Z))‘n. (1) 
G,/K,, is a Kahler manifold, so the imaginary part CO, of the Hermitian 
structure defines a symplectic structure on Gn/Kn as a real manifold. In fact, 
G,/K, is a symplectic G,-manifold isomorphic to the coadjoint orbit in the dual 
of gl& generated by the dual vector to 
We want to interpret G,/K,, as a phase space in the sense of classical mechanics 
corresponding to a certain system of n2 nonlinear (interacting) harmonic oscilla- 
tors: First observe that pn , the tangent space at the origin, is in a natural way 
the phase space for n2 independent linear harmonic oscillators. We can find the 
usual symplectic basis of positions Qi and moments Pj (i, j :y I, 2,..., n2) by 
choosing Hermitian n x 12 matrices bi with tr bibj =I aij . 
Then 
and 
satisfy (at the origin) 
Let X E g,, define a vector field on G,/Km in the usual manner: 
(~f)kCJ = ~f(exp(-~~)dGh=o (g E 6,). 
56 BENT ORSTED 
Then the Poisson parenthesis on functions f and h is determined by 
where 
w,(Xf, X) = Xf 
for all vector fields X on G,/K, . It follows that 
[Xf, P] = X(f4 
so that if qi and pj are the functions on G,/K,, corresponding to Qi and Pi 
viewed as vector fields 
and 
The functions qi and pi represent the positions and momenta of the nonlinear 
system [ 151. Similarly, the vector field (2) represents the energy. 
As pointed out to us by Olaussen, in the case n = 1 the curved manifold 
Gl/Kl is isomorphic as a symplectic manifold to R2 with the usual Poisson 
parenthesis, and the classical energy on G,/K, is exactly mapped into the energy 
of the linear oscillator in one dimension. For general n however, the nonlinear 
situation is nonisomorphic to the linear case. 
Recall the result in [12] on the positive definiteness of powers of the function 
(1): 
PROPOSITION 1. The function det(l - W*Z)-A otl D, satisfies 
i$l citj det(1 - Z:Zi)-A >, 0 for aZZ C~EC and ZigD, (2’ = 1,2,...,m) 
(3) 
if and only zf X E (0, 1, 2 ,..., n - I} U [n, CO). 
Remark 2. The Cayley transform 
c: z + (z - i)(x + $1 
is bijective and biholomorphic from T, to D, , where T, is the realization of 
G,/K,, as a tube domain 
T,={zfM(n,C)lz=xfiy,x*==,y*=y)O}. 
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With Z c(z) and W =-= c(w) we have 
(4) 
which gives (with a superscript minus denoting complex conjugate) 
det(u! ~-~ i)- det(1 - W*Z) det(u” -- ;) det 2i(z~’ z). 
Reference [12] considers (-A) powers of the right-hand side (which is positive 
definite if and only if (3) holds) and shows that the Fourier transform over the 
Shilov boundary is a positive measure for the values of h indicated. We shall 
see how the analogous harmonic analysis over U(n), the Shilov boundary of D,, , 
gives the same result, together with the structure of a natural (gn , IQ-module. 
Consider the set (II of all irreducible unitary polynomial representations 1)’ 
of C’(n), labeled by n integers (highest weight, or the Young diagram) [21] 
1Y has dimension 
!V(Z) = P(l, ,...) l,)/P(n - I) n - 2 )..., 0) 
when 1’ denotes the difference product 
P(l, ,...> 4,) 1 n (L - I,) 
i-2 
The character of D' is on the maximal torus 
where 
. . 
and I til ... EI~ / = det(&&=r 
We can now generalize the binomial formula in the case n I, viz., 
where A! : r(X i I), convergent for z, w ED, and any real X as follows 1241 
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PROPOSITION 3. For Z, WED, 
det(1 - W*Z)-A = 1 u&I) xr(W*Z) 
where 
a,(X) = P(Z, ,..., 2,)(/l + I1 - n)! ... (A + 1, - n)!/Z1! ‘.. Z,!(h - I)! ‘.. (A - n)! 
is a meromorphic function of ;\ for each 1. Djj denotes the matrix coejicients of D1 
and the series in (5) converges uniformly in compact sets for h real. Note that for 
the trivia2 representation we have a(x) = 1 for all A. 
Remark 4. (a) The details of the proof appear in [24] and involve integra- 
ting the left-hand side of [5] over U(n) against a character, followed by com- 
binatorial simplifications. As was later pointed out to us by Stanley, (5) can 
conceivably be derived from a combinatorial formula in [8], the only problem 
being to show that a,(h) has the indicated form, in particular is meromorphic in h. 
(b) For h a negative integer, the sum in [5] is finite, and for h E (0, l’,..., 
n - l} we are only summing over a proper subset of Z’s, namely, all Young 
diagrams with at most h rows. 
(c) All al(h) are nonnegative exactly when h is in the Wallach set (0, 1, O,..., 
n - l> U [n, co). 
(d) For n = 2, (5) appears in [13] where it is used to prove the existence 
of unitary irreducible representations of SU(2,2) corresponding to h = 3, 2, 
and 1. The case h = 1 is the mass-zero spin-zero representation [7] or, alter- 
natively, the representation of SU(2,2) on the bound states of the Hydrogen 
atom [18, 231. 
The holomorphic discrete series of G, induced from a character of K, is 
constructed for X E {2n, 2n + 1 ,...} in the Hilbert spaee of holomorphic functions 
on&, square-integrable with respect to the measure 
dp(Z) = det(l - Z*Z)A-2n dZ, 
where dZ is Lebesgue measure in M(n, C). The action is [12] 
(V,(g)f >(Z) = det(CZ + WA f  (g-l * Z>, 
(6) 
A B 
g-l = c * ( ) 
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and we have the reproducing kernel 
K,(Z, IV) == det(l - w”Z) A. (7) 
PROPOSITION 5 [24]. (a) The difSerentia1 dV-,, of (6) has an anabtic ron- 
tinuation to all complex values of A, letting gn act on the Harish-Chandra module AI,, 
of all holomorphic polynomials in D, . The functions I& (i, j 2 I ,..., .v(l)) span 
an irreducible K,,-isotypic component and the unique invariant Hermitian ,fom 
I-l,\ on dl,, is given bj 
HA(&, D;:,,) = a,(X))’ 6,,,6,,,6,,, . 
(b) dV, is reducible precisely for X E {n - 1, II - 2,.. i with n composition 
series 
The length m of (9) is m = n whenever X < 0, and m : n - X whenever X .G 0. 
The bottom subquotients are unitary for X > 0 and spanned by Young diagrams 
with at most A rows (i.e. 1: 0 < 1 < “’ < n - X -- I --I. I,, x.: ... < II). The top 
subquotient is nlways a holomorphic discrete series and tke remaining subquotients 
are al-wavs nonunitary. 
(c) When h ~2, dV, defines a representation oj‘ G,,; in all other cases it 
defines a representation of e, , the universal covering. 
Remark 6. HA in (8) may be infinite, being meromorphic in A; by invariance 
of ZZ,I , this may be thought of a defining the composition series (9) by the order 
of the poles in (8). 
2 
Recall the quantization via Weyl systems for the linear oscillator with n 
degrees of freedom [l J: Consider the Hilbert space F of all holomorphic functions 
on the phase space C’“, square-integrable with respect to the Gaussian proba- 
bility measure 
dp(z) = (2&)-~~e-z’z~2fi &, (10) 
where z (zr , za ,..., z,) and z . z =z ~ zr /a _ - x,1 ‘?. Here fi > 0 
is Planck’s constant divided by 2x, and, in the classical limit fi ---f 0, (10) becomes 
the S-function. The isometry group E, = 0 x r:(n) of c” has the following 
irreducible unitary projective representation in F: 
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where g . a = (c, U) a = c + Uz. Here, 
W(g’) W(g) = exp[i Im( U’c c’/2fi)] W(g’g) (12) 
for g = (c, U), g’ = (c’, U’), and the differential of W on the translation 
subgroup in E, provides the quantization of position and momentum. Equation 
(12) incorporates the Weyl relations and the covariance law 
W(0, U) W(c, I) W(0, U)-l = W(Uc, 0 
Now the analogous quantization over the phase space D, is obtained by nor- 
malizing the measure on D, with h = (2fi)-1 
dp(Z) = Iv,, det(1 - Z*.Z)“pzn dz. (13) 
Again, in the limit fi --j 0 this is a a-function at the origin, and for X a positive 
integer we can define an irreducible unitary projective representation of G, 
in a space of holomorphic functions (the bottom subquotient of (9) or, for h 
large, simply the holomorphic L2-space) by 
Note that since D, is simply connected, the power h/2 in (14) is well-defined 
for all X > 0, and the whole multiplier is holomorphic in D, . When h = 
n EZ+ and 
we have 
Wnk) = ($gq 1 -n V&> (15) 
relating W, to the (continuation of) the holomorphic discrete series by the 
“twist” cocycle y,(g) = (det O/l det D I)-“. 
Introducing the deformation 
Z+R.Z, R>O (16) 
of&, as R --f 03 this will converge to the tangent space M(n, C) of G,/K% at 
the origin, and (16) defines a contraction of G, to M(n, C) x K, C E,s . This 
contraction in fact also relates the representations of the two groups. Through 
(16) the measure (13) will converge to the Gaussian measure in M(n, C) and 
(14) will converge to the linear quantization (1 l), which is seen by an application 
of 
det 
( 
I - & Z*Z) 
R= 
- e-trz*z as R+UJ. 
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Furthermore, differentiating rA(g) along one-parameter groups in G, one 
verifies that 
g yA(exp tX)I,_, = i tr(d - d*) : A tr f !  for A\- 1: i;!. 
Let us summarize the above in 
PROPOSITION 7. The dzzerential w,, of (14) satisfies 
wA([Xf, AT’]) = [wA(Xf), wA(Sfl)] ~ Zih(.f, 12)(o). 
where f and h are functions (classical observables) on G,ih’, mhose correspondin,? 
vectov$elds lie in the Lie algebra qf G, In particular 
wA[(Pi 3 Qil) = bA(pj)3 T+(Oi)l - (i/h) si., 1 
zcA([pr apjl) ‘=- [wA(pi), wA(pj)], (17) 
wA(@i , Qjl) = [W,4K?Zi), zLIA(Q,)lt (i, j =: I, 2 ,..., 9). 
The equalities are strict between the closure of the operators, skew-adjoint 
for A = (2?9 i an integer. 
Remark 8. (a) The actual quantization of the observable-f is ifi~,(S’). 
(b) Note that the vector fields Pi , PZ ,... (resp. 0, , ~3~ ,...) do not com- 
mute, only in the linear limit is this the case; hence the commutation relations 
(17) are noncanonical and in the limit R --f X’ become the standard relations. 
(c) For k E K, and g E G,, 
which is the covariance law in this case. In particular, for the energy 
we have 
(d) The quantization of the energy is 
i~?w~(H),f(Z) = iti f  f (e-L21Z)l, ,, 
62 BENT BRSTED 
so that a homogeneous holomorphic polynomial p, of degree m has energy 
equal to 2fim: 
&w,(H) p, = 2hmp, . 
We wish to give yet another description of the Hilbert space in which WA , 
h = 0, I,..., n - 1, is unitary. This is related to the renormalization of mero- 
morphic families of distributions of the type hu, p c C and h a smooth positive 
function in a Euclidean domain, vanishing along a smooth boundary. The first 
example [3] is h(x) = x on 0 < x < 1. xU acts for nonintegral I* < - 1 on any 
Cm function g on [0, 1) by 
s 
1 
x“g(x) dx = 
0 
p-$(O) + 
P’(O) 
+w + *.. + cL + 1 + 1 7 
+ Jo1 x”+n+lgn+l(x) dx 
relative to the Taylor expansion of g. Here p + n + 1 > -1 and g,+r(O) is 
finite. Obviously (18) is finite and positive for p = --n - 1 wheng(0) = g’(0) = 
. . . = g(“)(O) = 0, and g is positive. Thus, the finiteness of (18) is ensured by 
having differential equations satisfied at the boundary (0). Exactly the same 
happens in D, for the family of distributions 
N,(A) det(1 - 2*2)-a” 
acting on holomorphic runctions. Here the boundary in question is U(n) and the 
finiteness of 
N,(h) / 1 f(Z)/” det(1 - .Z*Z)A-2n dZ (19) 
D, 
forf holomorphic in a neighborhood of D, is ensured in the cases h = 0, 1,2,. . . , 
n - 1 by f  satisfying certain differential equations on U(n). For n < X < 272 an 
analog of the Taylor expansion off at U(n) makes (19) well-defined and positive 
on all holomorphic polynomials. The normalization constant N,(h) which for 
large X defines the distribution as a probability measure is 
T(X) T(X - 1) ... r(x - n + 1) 
N7dA) = Nn F(h - n) T(X - n - 1) ... r(X - 2n + 1) ’ (20) 
where N, only depends on the dimension. The poles of the denominator in 
(20) for A = n, n f  I,..., 2n - I make (19) a Hardy-type norm [12] on D, 
corresponding to the boundary components where 1 - Z*Z is nonnegative of 
rank I, 2,..., n - 1 resp. The poles for h = 0, l,..., n - 1 of the numerator 
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on the other hand make (19) fi ni e t and positive only on those holomorphic 
functions for which 
I,(det(x + zpf((x - i)(x - i) -1) = 0. (21) 
Here I,, is the differential operator on the Shilov boundary of T, obtained by 
applying the hth invariant polynomial on II x 71 matrices to the first-order matrix 
differential operator dual to the matrix variable x [4, 121. Note that the residues 
of ;Z;,(X) det(I -- Z*Z)A-2n for h = 0, I,..., n -- I are differential operators at 
the Shilov boundary. For the T, picture, these act in the y-direction, but by 
C’auchyRiemann’s equations, this is the same as acting in the x-direction. as 
in (21). 
After these preliminary steps, we will now turn to the main construction of 
this paper. 
3 
Let H be a complex separable Hilbert space with a conjugation and a sequence 
of orthogonal projections Pi , P2 ,... with rank P, == n, corresponding to a 
nested sequence of subspaces 
with dim H, = n. Assume that P, -I as n 4 x strongly pointwise in H. 
Form the tensor product H @ i7 which as a Hilbert space is isomorphic to the 
space S(H) of all Hilbert-Schmidt operators in H. Let 
D ={ZES(H)iI-Z*Z>O$ 
(i.e., the open unit ball in the operator norm). We wish to construct a “proba- 
bility measure” on this nonlinear Hilbert manifold (of negative curvature) 
in analogy with the isonormal distribution on a (linear) Hilbert space. One 
requirement will be that as we remove the curvature by dilating D around the 
origin, we shall recover the isonormal distribution in S(H). 
It follows from [20] that the group G of biholomorphic transformations 
preserving D is isomorphic to 
A+A - C*C = I, A*B = C*D, B*B - D*D = --I, 
A, D E-W), B, C 6 S(H)/, 
where L(H) denotes all bounded linear operators in H and the action is the usual 
t > 
; ; - Z = (AZ + B)(CZ + D)-l. 
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D is the symmetric space of G modulo the diagonal subgroup (B = C = 0). 
Note also that g and eieg have the same action on D. 
For each 2 E S(H) let mJ.Z) = P,ZP, , then n,(D) is isomorphic to D, 
considered in Section 2 and we have YT~ . n, = rrn for n > m. In other words 
the sequence of (open, continuous) mappings 
D+D,-tD,-,-t . ..-tD. (22) 
is consistent in the sense of [22]. That there is also a consistent series of measures 
relies on 
LEMMA 9. Let h 3 2n and n > m, then the normalized measures dpAn(Z) = 
N,(h) det(1 - 2*2)A-2” d.2 and dpA”(Z) = N,(X) det(1 - Z*Z)A-2” dZ on rs(D) 
and n-,(D) satisfy 
(T7?)*PAn = PA” (23) 
(push-forward of measures). 
Proof. There is an imbedding of the isometry group G, of r,(D) into G, via 
One checks that g . n,(Z) = m&(g) . Z)(g E G,) so that 
‘?*(%)*PAn;nl. = (‘rr,>*M*PAm 
= (rr,)* / det(CZ + B)I-2ApAn 
= 1 det(CZ + D)j-2A(rr,).+A” 
with j(g) = ($ “,) in G, . Hence (r&*pn” and pAm transform in the same way 
under G, , and both being probability measures they must coincide. This 
statement can also be thought of in terms of the reproducing kernels det(l- 
W*Z)-A on r,(D) and n,(D): clearly, 
det(l - W*Z)-A = det(1 - i( W)*i(Z))-A, 
where i: V,(D) --+ rJD) is the natural imbedding. 1 
Now (22) defines a consistent sequence of measure spaces (D, , pn”) for each 
fixed A. Note that for n large these are not a priori probability spaces, but we 
still have (23) for all n and m by analytic continuation in A. This means that even 
viewing pArn as a distribution being positive and finite on certain (well-known) 
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functions, it still coincides with (n,J*pAn, where pAn is viewed in the same way. 
Sote that we always have 
s 
dp,yZ) = 1, 
vn(D) 
(24) 
where the integrand may be a distribution supported on the Shiloz- boundarv of 
in. 
We can now define our candidate for the state-space of an interacting Bose 
quantum field. 
DEFINITION 10. Fix an integer X = k > 0 and let .KL denote the Hilbert 
space completion of the set of all holomorphic polynomials p(Z) on S(H) for 
which 
where the supremum is taken over all n and all nested sequences of subspaces. 
The completion is taken with respect to (25) which then defines the Hilbert norm 
in Kh. 
Remark 11. From our previous results we know that any polynomial of the 
form &(rr,(Z)) h w ere 1 has no more than k rows in its Young diagram belongs 
to KL. In fact, any such Young diagram defines a polynomial Dij(Z) on S(H) (in 
infinitely many variables) but this function will not belong to K’i in general. 
However, we have the following by use of the reproducing kernel on each 
finite-dimensional subspace. 
PROPOSITION 12. The function det(I - W*Z)-” is, for a fixed WED, 
holomorphic in D and is a reproducing kernel for A”(. In particular, it is the limit 
in the topology of K’; of holomorphic power series based on finite-dimensional 
subspaces as in (5), and KL consists of holomorphic functions on S(H). 
Note again the analogy to the linear case where 
for .a 1 (zr ,..., z,), w = (wl ,..., w ,), .z ti == 7 
.~ 
zlzLl -i- ... I- z,w, ) u : 
(a1 ,..., a,), oc! = CX~! .*. LY,!, and Z~ = a:* ... ~2. Here e”@ is the reproducing 
kernel also in the limit n = co. 
A? is the nonlinear analog of the space of square-integrable (with respect to 
the isonormal distribution) holomorphic functions on a complex Hilbert space 
P41. 
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If we denote the isometry group of 7rn(D) and its maximal compact subgroup 
by G, and K, , we can define 
G(a) = lj G,, 
Tl=l 
K(co) = fi K, . 
f&=1 
Then G(a) is dense in G and K(o0) is dense in K, the diagonal subgroup in G 
[.5, 191. These dense subgroups are convenient analogs of the groups U(a) 
defined by [19]. In fact they leave the inner product defined by (25) invariant, 
which is the key to the following proposition. 
The next step will be to get the nonlinear Weyl system as a projective repre- 
sentation of G. 
DEFINITION 13. For each g E G let W,(g) denote the unitary operator in Kk: 
Remark 14. By invariance of D under G, the multiplier in (26) is well- 
defined; approximating g in G by elements of isometry groups of finite-dimen- 
sional domains, we obtain the unitarity. Also from the remarks above we have 
PROPOSITION 15. W, is an irreducible unitary projective continuous repre- 
sentation of G (module U( 1)) in Kk. 
The Lie algebra of G can be identified [5] with all matrices 
a b 
x= c d ( 1 
with a and d bounded skew-adjoint linear operators in H and b = c* E S(H). 
The element X corresponds to the following infinitesimal transformation of D: 
Z-taZfb-Zb*Z-Zd. 
The tangent space to D at the origin again is equipped with an Hermitian struc- 
ture, viz., tr b*b as in Section 1. The energy (Hamiltonian) of the quantum field 
corresponds to the generator 
i 0 
( 1 0 -i 
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and the action of any element of the Lie algebra is obtained by differentiating (26) 
along one-parameter groups in G. This is then the quantization of D viewed as 
an infinite-dimensional classical phase space, i.e., an infinite-dimensional 
symplectic manifold [9]. 
Remark 16. We would like to interpret D in the following way: S(3-I) is the 
natural state space for two noninteracting particles of Bose statistics (a particle 
and its antiparticle). Restricting one to D with its natural metric introduces a 
binding (an interaction) between the two particles, D is then the object of a 
second quantization, as carried out above, to arrive at an interacting quantum 
field. I f  H is the space of solutions to a linear relativistic hyperbolic equation 
(e.g., the Klein-Gordon equation), one could construe D C 3Z (~3 33 as a set of 
(.‘auchy data bounded in a certain norm. This could then in turn correspond 
to global solutions to a nonlinear equation. It should be noted that all the con- 
structions in this paper can be carried out as well for the other three classical 
series of noncompact Hermitian symmetric spaces [6], viz., SI/( p, q)/S( C( p) 
f’(q)), SO*(2n)/U(n), and Sp(n, R)/U(n) (but not for SO(n, 2)/SO(2) A, SO(U)). 
PROPOSITION 17. The spectrum of the Hamiltoniun is (0: I, 2, 3 ,... i with the 
multiplicity of N equal to the number of homogeneous polynomials in K’, of the form 
Z&(,,,,(D)) of degree N (note that this does not include all homogeneous polynomials 
of degree ,V). 
We now have the following noncanonical commutation relation: let (b,! j 
I, 2,...) be an orthonormal basis for the space of all self-adjoint Hilbert-Schmidt 
operators on H relative to the form tr b2. Then as elements in the I,ie algebra of G 
we have positions and momenta 
and their quantization using wli = dW,,. satisfy 
Wk([Pj , pi]) = [wk(Pj), w/+(Qi)] - 2ik’<, 1 
where the left-hand side is nonzero. We also have creation and annihilation 
operators 
C* = WJQj) -$- iWk(Pj), 
c, - WUk(Qj) - iWk(Pj), 
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where Cj = 2K tr b,.Z + 2 a/&z, . Here zj is 
corresponding to bj . Acting on polynomials 
subspace we have similarly 
the linear coordinate in S(H) 
based on a finite-dimensional 
CF = -2 1 tr(b,,Zb,Z) & . 
j’ 3’ 
For the Hamiltonian Hi we have 
[CF, HJ = c:, 
[Cj ) HI] = -Cj . 
Remark 18. It would perhaps be interesting to express Hr in terms of 
operators satisfying the (linear) canonical commutation relation, to compare 
it with Hamiltonians constructed in quantum field theory by perturbation 
methods. 
4 
In this chapter we shall study the deformation of D defined by Da = R . D. 
G acts on DR by 
and for a value of fi for which R2/2h is an integer we obtain the following quan- 
tization of DR: 
The corresponding Hilbert space K RV’ is derived from the distribution 
dp(Z) = det 6 - & Z*Z) Re’P’P2n dZ 
on DnR and has as its reproducing kernel 
K(Z, IV) = det (I - +!+- IJV*Z)~~“~~. 
Let GR denote the group defined by 
(28) 
(29) 
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where the entries are bounded linear operators in H, B, and C’ of Hilbert 
Schmidt type. As R + 00, this defines a deformation of G into a subgroup of 
U(S(H)) x S(H), the isometry group of S(H). 
THEOREM 19. For a fixed fi and a sequence Ri --) ,CC as i + ,r) so that Rjz12fi 
is an integw for all i we have as i + 03: 
(a) The action (27) converges to the action of the free Boso~~$eld over S(H) 
on all jinite-dimensional polynomials. 
(b) The distribution in (28) converges to the isonormal Gaussian distribution 
in S(H) of variance h. 
(c) The reproducing kernel (29) converges to exp(tr W’*Z/2k), the reproducing 
kernel for the free BosonJield over S(H). 
(d) The norm in KRc,” of a finite-dimensional polynomial converge to the 
norm in the free BosonJield over S(H). 
Remark 20. For a fixed nested sequence HI C Hz !Z .‘. and a fixed Young 
diagram I one checks that for every n by choosing R sufficiently large, all the 
functions Uii(~JZ)) belong to K R,fi Hence as R --f YJ, ail finite-dimensional . 
polynomials will eventually belong to KR,“, which then in the limit is the free 
Roson field over S(H). 
Proof. Again the key relation is (on DnR) for X == R2!2h 
where d(1) is the degree of homogeneity of 1Y: 
d(1) = l1 + 1, + .. . -I- I,, - Qn(n -- I ). 
Rut this implies that 
(A i- ll - n)! ..f (A + L - n)! R-2d(z) ---f 1 
(A - l)! ... (/\ - n)! 
as R--t -/3, 
so that using the known form of a,(h) Eq. (30) becomes in the limit 
etr(w*Z/2fi) = P(l, >..., 1,) 
; II! ... l,! 
tr ZY(W*Z)(fi) -2rl(z). 
(30j 
(31) 
This is perhaps an amusing expansion of (31), different from the usual one. 
In particular, the polynomials {Dij(Z) j i, j == 1, 2,..., N(1)) are all orthogonal 
with respect to the Gaussian measure. We have already seen (a), (b), and (c) 
on D, , and the limit from (30) to (31) shows (d). B 
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Remark 21. In the limit where D converges to its tangent space at the origin, 
we obtain that Pj and Qi become the usual linear momenta and positions of 
independent harmonic oscillators. Also in the limit, their quantizations satisfy 
the linear canonical commutation relations. 
In the classical limit as K -+ 0, the multiplier in (27) tends pointwise to either 
0 or co. Strictly speaking, if we think of our Hilbert space as consisting of half- 
densitiesf(Z)(d~(Z))1/2, then the action is 
f(2) dp(.zy -+f(g-1 . Z) dp(g-1 . Z)l’2 
and in the limit L&(Z) + 6(Z) as fi -+ 0, Dirac’s S-distribution at the origin. 
Hence in the limit we just have the classical point action of G in D. Also in this 
limit, the quantization of the classical observables simply become 
satisfying 
One aspect of the space D that we have not investigated is its probabilistic 
interpretation, if such exists analogous to the theory of independent Gaussian 
random variables for the free Boson field. Clearly, the coordinate functions in D 
can be thought of as random variables with correlation functions given by the 
inner product in K”. 
Note. After this research was completed, we learned of the Russian work [16] 
in which some of the above results are obtained. The method and construction 
in [16] is based entirely on the function det(1 - W*Z)-” on D and does not 
give the deformation into the free field. It also does not contain the charac- 
terization of the K-types nor the “binomial formula” given here. 
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